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iiii i Ii (Ivt. Ia t j i t ktI ils suchi a- equal tI ioi u i4) 231 ýg vuig tt wiig gu afo Iit,

Iue lastes, e 4 1t Iit tit 125 )il;)J1)Ivis5 to (uIt gt I -pýI IIr a I I,, su -true I ' c - /ýf, tooi 1f
t I 114 s wit I I I % it I II II14 IIsI Iv . Vuiatl1V iill i ithe iap lication (if 0 ..

vti'itimi 1iii 25. mw iu ises itiltic Ind fii-4 11jievY 0,, (of Ilii fivet

Still pe. Lejt ils i)xa iliO (Ito, gn-jlictliize tititi terll) ill eqia-

timi! 12l',t taking. rowi .Unpiiiivit.il', oulY tiIvin iif the( stlo:
'' if i. qu1a Iimu *A vaial lt, r itt 0

(,q, PX Ih u dxfty 21i) /I V,' I

qu,5 )' It,f , i [ J'ý:

2q i t I , ..

h 'o-d ll 14 111 ha. J*~v beim t it li... Allit (2 io''liAIIfre lljfji'j .('.a t'ii't h '~iiI

%%Ilile ~ ~ ~ ~ ~ ~ ~ i left q,.), if tit loa ie wiogviti correspon aloii to till THE ilNRAIiSE INuSA stjiiwi C

\indjw a gjifj'rtimi jl v prvil.,sctij'olfre(j~ lijlt i me b l i tdi.'ktjcidii' It f igiri' . fOii ll til -other ilillI. i sv tiiitviiig1 a Altti' iIlfi ll-mj

ft uI~i)vil: protl bem it wa iofi'ec ingi) ll wii i l" t I) ue vir. .:" I sypestjiic

I,.pet(17 cailh bi ed carrt ied oultg Iif 1)rde. to11 cooi v iert th f reOlt

h~t~~ qJI ( ' lb)[~ it IIIjI/ (2.S ) gtii dzc f((..( oriitae stfto he ilier"W. letus dfirstd raufe reqults

C C iC the0.. We wil I sit sho w t i '. D,: I lset va isti call bi iue 14 t atol S-
firon, (he StJ l . t iolise to the $3./da -%~i 111111,es

T e 'ljiltit vi-ica of t les iiilY istritij'5 pro le re rseie ) wit h eliitioatej41

ijtilt-j'i tof )lpplv ori iiilv iiotiiii tniot~ ill'ejnit jiitiejiisit.lt.

Nqk% iti -4-neraized f i. '(ivi)ld') ftw e li ef. U il t fi ll' b4h ljge de file it hoe-itl a d l sid il ll.( ial

fItIto%% Sii: lil prhble tli %%tIte is01 CMIVýeitIl to ait w lt sioolli

we 
raj jei 

isui fits lea tiu eth 
e W itg . Iilt otrd eri is as-v 

-t t l , e u t

.IW q, i'1 (' ( (3 /0M) 'tills

s1,14 calui tate l ofith es ii illanu i t tivit, iiiilf t illeei l ab r tdessfli~ Y r n f r 10 4 ,1, !

d T425, S (::T [ -- r~r ~osf~iiiI~~l 0txr '~rtiaesiI. I
ojie >

00
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Thll inliviall force. coefficient W" 1t' i.s ,htlled t,. I'.11 l,, s: ,lW1'4J... OF (•,, L,'o

. I -I,} j-, ,.I d " l I t • • A T ill, l ( 14,l t a-ifoll h, of l-I llll~l I,- x % lla. Ili l it ll diial or,.i.nt 1 th1.

ti. pi .,tt ti, f s.: l t the lirt part of" thii r',pttl' lilt , disut f l's i l i A". ppil. i i\ It. (i',-.
it ortl'dm 14) 1ranl'fer Owv a~xv from tl t, -;e t . lS)4i\% tl ill tl111r1 I sideralbh,. labor i.. ll oin , 4d , l i i c .,h clihcul~lit iol . lnd lilt

I) flike fllol'q 'oml\ellient~ setl of ligulre 14..so lhafl mlode .shape•, a tlllpll t~ 1\z I•. lla • In lit.i)d ,,o v,.r l-v*illl'sioll forlnllhl•~n 10*\ lllelilll'

111,41 M.llet Irit" ol.Its flu+llelll r'l it' aholl I Ihe wing's slpat|\ist, of which c'o'rlaiti dt-ri %lit \ 4-, 1` a, Io lit, l'ec atli-ll nI. %%h r in,,lf. COUhld

4,.,,uhtr hllr, atid til-• fl'w,ve vo.lliv.ivlt denoted .f", v'.,l he if,-tv.r- bv, expressed it. colimh ottio , (of others. T'lhi-; alhinil~lp %%It,
miied, \%a. proceed i.s follows. First, till, hoadin~g coe.llicien t 'es.4u and .6ide hd ell( follhwing rv-.uh.,:

l tt" it•'•sing ill Ile fl, s.! ' , 'qilvi with 4 )%it"i s.h gisht"iVn b\ Ittnsidtr ioelilt I .n t islt l'lolla I thlt J. il 'it-gral il this

e(qull tion 1).\ i l. till,

,,.1 (( r))' ,, -. ibiT.
J. .,. It q (..

is Ob•la~i 'd,. This h01din~g ,'ldl~ilit~lt ,'al b V wri t te PII s at0 1pItI A

IP'

.Not's ith' (lt18 111 I', f" is t'tjiit'd il telt' X.4+14 , 4,,t svstt'm a1, F: .- I "--F' ' ".,

I J., -ill it If J~j or ze(cjil 1. Inspec)&t'itcn of equj ate toc (371 shim ls thlait ilt'Slit satme rlat ion

.) , 1X Y• r . o l

.- •3 2.se,., _ ,, __ 'tt j , " - x<'-. 1 q holds for til gem' ralize'd injit ial force ,'o lli'itntis.f,: tat is

t~.1 APl'tI ~
, 'IX . -1 C, q+,,r ,, .

d2- ,t ( ,ly ( f• .0Ij(9

"l'h.• astintgra rn I wLitl'LIasFrom this relation|, it is -wenl that onldy the for.es• F"; lived
l~~r-.++r . "• -+4- |1 ft l I- A•l,-lJ\" determine.d Iy in~tegration|; the forces fol' highe'r Vf-alit", Of

..Li-- " 1141 " j r, I" i .,. lex I ,,•, l lit found, biy ,combnation of result for elif-
fereit values of tie't motd' shape index j.

.)' *-1- ' (--!)' " " - (- n As a simple illustration of tilt- re'su|lts prese'ted lso far, we
S. ... . \J ('anll 'alutilate the indithial force derivative for the cases I-

V, ~I- a ,,=0. j= , I . TIhlii ease' j=0 corresponds to the i li<.ial
., . ly , I lift 'oefficient for a flat, sinking, rectangular wing, awil tie

c 'ase for j= I 'ot'responds to tilt' indiiial liti'hing-nmolie•'.l

BY' using equation (36) we find coefficient for tilt, same' wing. Sinte ity-!l=0. equation (37)
give's

2 -4') 1 t i -,' 0 . f,< k, ,

(\ )(0"-" 1Th1s. %kith jO atile([ ide'tlifyving -- V,, it, angle, of atitaek
(--1) Fjl, (37) a, one', fines from Appendix B

whltret all fort'es are, response's to ia ulit itdic'ial disturbance. 4 it--) I,, + [= ; L I - : I _tt, 1

Note' Illit if vy'qtint O (:37) is applied inl tile' case of a wing (14m I"' i f A L ' -2 i - - M1-- I
,ailite'-ere'ed oil a wall, both ii and I mmust he even ill order
tit sat isfys the Iiouih ary %'onditioeis of relhle'tio' ill Itle wall. LeS-s + s'es

BY .-upvrimlosi lg boundarv 'onditions tita[d their result-

I l ,, , sot1 tions , ,ti,.,le ' fit .,. h ow that tlte Value' of f'
gi'vsell hY eiqualion G M17j is valid for all reduced aspect ratios ',,". _(I-.Ilt,, J -+ E , 1 1+ 21 . ,- O
5.l gi'ate'r than I iin spite of the fae't that tlie value of Fl* 0
iVe-' l')y '(platioft 136). as it stands. applies only to wilitgs.
fil." wil,'hl 3.1 is greatr tlhan 2. . f-- t

(GiVV+l Pf,"W,OltW'1, 11e (10 ePrnilM tile, II(' genralized force ats-
,et'iatetd with tile gt'-iralized c'oordiniate' q, bYl meaiis of the' 4(1 ( 1- . , 1
Sle' rpos•it io ilt-e'gi'l as illusttatd 'v bteqjuation t34I. * t-- -I

A



4;V.N.EHALIZED 1NDI(IAL FORCEI.:, 4sI D.FkAMMIN1NG \VIN5., 13

No.\t I it I ./ I. anid n-sitig I ,' Is (lo.,igtnals tihe pithill iu i thai ik, tI, lift voe'llicihil fill' a pitc'hlng %%i g Iljia I h,, ilt 11tt

titolt Wi I t It sil l t I I It l Io iiv I a It ig etge of I " li witlg. of th ie lift w il t I g ltsii t sl twit'ivIvili t wf at 'inkitls 1119

(p illtti I ilidslhatv thI wit g i. pi t1lihinsg alsoiit arid f ill sie it iit re

-(/ Itieasltts'i aibout tiilt wiig leadilg edgeI. Helect.,
2f---( -- [, ,112. T: ,-,2
2 + I t< 1 " < 1

<~~ 11(

+LI - - -

I~ Af},t,, Al-l." A t ,, A I I,'t"`,
1-. ." <. 2  f

I<F , (! >-I >15.1 . I- I!-;Iv,'-- t l- I j.i]' . ". l - -- &t" -- - l -I • I

"rl.he. ,XJls,.sios.s agrit. withi those giv-eli, by IMiles ii refer- A further a ppliea.tioin of equation 1(1:ua provides tie pitcih-
e1555 2. ing-monterit coefficient for a pitc.hing flat reclaInngl]ar wing.

"T'h aboyv ,r'esutis (,all be used to detmotnstrate t Itseful- TIils. With I o-.j I . it . eqluation (3"a gives
tess of equlation (:38a). Taking j n =.q=t. 1= 1 its that

iqia i Is a__s k•F1

or. for the pressent case. .f00- 1h(. fi - fl: )
atnil so

which represents the equality 2E =\ -a 0 -11

" , (' ---+., +C'.~ From equtation (B21 ill Appendlix B it is foutd that
.f` F 15  4 tl I

20__ (1-+ft,3)-1to- [4-M(Af2+3)toeIJ ()<t.< .1

_u",, I,"

4 f I [1 -Aft os-' lt°- I I M o-(Mf)

=+:-41 T 3 ; to> l

I lo+(l+24 t02 tlf)2 +S 5 f(.I 3 )t2+(.l- 1, k3 /54] ,--ýf } )3(, < too <

C'ombining, We finld

2= 2 f 4-MAtný' t,, }j~ 31<to
If M 3 --121 [- t+M +-:t.I; o<t,< 1 +

9~~~ ý I [2+AIj(o _ Al., 1 1ift,,-(AP-t-2)to:11 -0 Aft

= .: t , .

40,1 ] <,,,
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Aniot her relat4ion aluioiig tilt glertioal izei ini Iieiai forceis jJ'iv,' '5 j
iall be derived IbV IllaloDS of the reciprocitv relatihsgivon i s -- "" 'v' I -j "- 3I J 0 I !- ;

refervl ie 5. 'rIll t details of th h derivation ar, give e ill 144)
Applendix ( akind t11re rvsults t

The il'ls). snl oil the, left ca) Iw )(. h . rh,,,

4(44a4t 044 (39) 4441 b)e tlset i ilk I o avtlSv (til'. als a Illeil.s

for checkinig the, internal vonsistin,.y utf a set of ahhllulteld - , P) 1)
generalized inlicial forces, kind tilt, other, as it nmeals ftor M r

expressing at gi'll force' ill P 4 4l44S (if a set of ollhlers.

Conisidler, lus t44i~ll 44llpli- (f Ow former4'4 use'. th case fill. tiip,

whic'h / j 4. Then ..... p

E1111111,4 ill'- 4'4 icivil 4 of r,

FrloI eq( ation t3ll 7) 7 we (tia1 expr'ess this r'elaltion4 ill lentls of P I P ) ( p

the' cahc'uhtted iiiat l 4%"4 till4s ,ar 'r

(l) equt-ion (40) bivtoll

.• .= \#I L ( -

. ..•, /•2} F', ,

('ONC(LUDING REMARKS

If 44)4W It- 1. 3 the following relation rslilts A nlc(thlolh is frosri.| l for VealuIt inig thil gvllerailized forces

O44 44 rittla l.iltllr winig hlyitig n lt a 54l)4'l'4 llit s)'e'(IS 1144 Ilhavilng
, ,' ,,'') .I* -- ', I 02' 00-- + til jsl( 't iti sUCIu h that I. I > I. 1lt'h ge 4r'a4lized I 'oord li-

Ilat."s use.d to 414hlne tile wing's Iwhavior li't( tlt- ahllplitilhRs
3 •"())-- 'P'-)2) + 2- ) of iownIaslh ,ist rihtliuions4xl)rssi 4 ilsof polyllomial-

"oz) V3. j( ill .r and 4 y, th i(Ihord1(ise a44d spainwise direetions. respc4.-
t ivevl.

%%hih prov ides a useful chu eek o(n the eomnpu4tted (qualn4tities. Nril Iesults 44're prit 4nh' ill talde I for gen(ralize
Next It us solve eq nattion (39) for a given forcei. Perform N results ire pent il l i able I to ofn4ral444dtill sul ovraionindlieiel forces ol it wing having all aspec(t ratio (of 4 kind

flying at ia Mitah Iinumer vequal to 1.1 and 1.2; the piolylnomial

, ,J.) Co0 'VIi''gi beinI 0 < 1< I kind 0 _< ,, < 5. whe, 'i. ,1' - , .j (- i)' •
AMES AEo RONAITI(A.I LA..\iIIATO)RIf

on both sides of equation (39). 4444d1 r'eiver'se' the order oIf N.'.TIONAL AnDVISORY COMMITTEE FOR AEIRONA.'T[I'.
st4InimItiOll t)h 11 l left side. There r'esullts5 , MlIOIFEETT FnIIu), (CALIF., 1i111 30, 195:;



APPENDIX A

EXPRESSIONS FOR THE POTENTIAL -- I l-. f '. )

,II order1 to write tlih expressions for tlh pItential in all (t- t" - (a-- xg):

regions Slown ink figure 4. it is stitciveint to derive iik uiet-ail
onl, that for reg, ion, V . H avi,,ng ,arried ,ot ,his a ,il vsis,. It"• .. ." Y" "

Olie Can deteril l ine the expriessioi•s for pot nltial ilk o the r r . \ t-- t L) ; ' - .

region-s without ditiltuy. (A2)
Considehr, theref.ore, eqIlat0io1 (13ll an let a and r apply

to region 'i,. First,, it is i ecessary to d. terlmine the Iteel -

tials It', anii I ill the t.xt Space. From eqtuiation (I1). in .\'l U-. ( y,, -j,- )
ioltjjullctionl willt ligure 7. it is founid that I 0

.. ' -+• ':-" I'- .- r,'+,-* wt~ .lit,.,)4 1  \W itlh the %ailue' of 11' given ill equat iont , l tI and (.lA2
1rfo 11 it is IMssildt. 111)% to sol~ equ(Iiatin ll ibl foi '. figriure giviig

- --- ' the requlire.d data in fill' 4•.! ilihe. Thit, if /h" (---4
(Al) (y -y•',

Y. , ,fl.. .y[ ,/ ' , ,l: _ ' - + ,• ,,, , -,•

"lrJ•It B/- itt- IVA'-'J• r•-

(1',,1,£ ....- '-'V + J '!h .... J ,,Y 1,,,, •

Now applY Ille operation of equation (7) andi the potential cr, is givel bI y

di' , , , _ " , r32-r'g ,+-•" .... , ,,1

f - % - -,t

IF + •f, (Y , • 4y t

whee' R 1
2

= -(- Y)2 and the bars oil the integrals signify (AI), we can write
that the finite part of tlhe integral is to be taken in tile sns
defined' in reference 10 and that tile order of integration I [ , ''-"

cannot, in general, be reversed.
2  J-, f.Y,-- IY,2 (!/-/) 2J 3 2

J- 1 -

For convenience set fl- . :+i: w'(t,.-.[,,)dl, 0

V,. -t* . (A5)
III order to simplify this expression, the order of these in-

where I. is the nth integral group on the right-hand side of tegrals will be rearranged so the itintegration with respect to

equation (A4). k, can be carried out first. Th'lli technique of changing thle
(Consider the first of these integral sets. Using equation order of repeated integrals with strong singularities set forth•

For til subsequent analysis tho old. the definition of the finite part given in referenc, 10 ilt reference 10 will be used here. (Consider tile change of
is e•sential. This definition dilffers from that given by Hadamard when it applies to multiple order ill the tZil planit. Pretend for thl mlolmlent, that tit(-
integrals.

! Since the order of Integration plays sn Important role lit the following development, t1 integration has b)eeni carried out. Then the highest order
itegratlon first with respect torand then with respect toV will he denoted fdg fdzf(r, v) singularity (since w. is hounded) in the kt, r, plane has thl
while Integration first with respect to v and then with respect to r will be denoted fdr fdv

4r. Y). When the notation ffth, M) dydx is used, the order of lntegraltin is iimmaterial. order 3/2 which is weak in tih sense, that no residual ocutirs

15
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I t itEPor L23t)--N\ ' l'llN.\t AD% 1.4 li( 4I ) % I N I• T' -,•-E H A•1 .l} toIN AlI '1'4

01h14ll I h 'lltli44' t
4, llte lalit l i .,� r',vilrst-tl. Tilt, htllJ to ligurt 15. it4 this 'c u ii uiliiiieii lngidariti. .,xit-, ill I lit-

tlll II 15" silt ti t, t ihet a oa f inltt'•graltioll, so inllhldi'titel. itll t'ilile ,f I Ilie ýili llkIlt % l ti' ofI lit, li•i t-lrnind: iln Iv

_while • / y lt I, y t lie d I ilIu•-tIgt' (if

J, . YIi) -,.Y mlull s t I ll ti k e ii 4 o f t li t, ex i hst llen ot f it rl j i h ia l it4 'l ' c c l' ft' . i l l .

'- + 4.....' +r .- l~tj!/ ,i~t• TIlis rTh i,'s r illul is d ftihlied as lit l iiFt- t ,'e hctAlt , till ht t11 o
u \(I /iJ2"-(.r--,+"tlinte' l rtdll titke l il ,dilfferent orlderl', ove'r at vtalishillgl% sinall

ltegilon surlrtIluldilnI the inhtire'tit silivilhlllit 1 Ilthe dttliii

"T'o c.haulg ortler ill the t. f, plante. ,tllshllt the b14lloll1 of lr'ionl i Ii, li4ttom of tiglit' 15 1. "liIt', r.sidiil It, is thin.

J 1*(, £4 .l/ti,,.Adtijt4~

0
Cwhere v r,, -If x y- y, )-. The settolld integral vunish,'

(ee ref. 0Ill, and. p)as:sin~g to tilt, limit -0 ill tile first imtegal
there result.

2,• - r,, --2

where thilt' sqluare' i)ra'kets itagaill lilt'all thIt tile retarded 0
valute is to l take., iThus, the iltegral 11 allr ,be redtucelt d ti t

C, -Y. -Y,- In tile same way, tilt, integral l2 can le reduiedl, HIM4

'X, 
l --2 J ,- I, - r,,

which is recognized as Kirchhoff's formula, eqtiation (3),

with all acoustic plan formn lholunded by tihe vircle

+,(.t-.r,)±(-;-(yt-- ! 2 0+=t

Trhe reduction jof the iltegrals I:, 1. I1. I, and l, is quiet

similar, leading to the sum

I I -I I

(A7)
Examination of till' limits onl these illnt•grailwsshows their

total area of integralton is that slhown ill figure II. But
this area 'orresponds exactly to the aioustic plan form S.
for a point in region 1",,! Hetnce, dlelnotting tile combination

of terti+s ill equation (A7 ) I)y c"' we (-till write sinllj)iy

| '(' I" d ,•,, , (A.s)JJr r,,

It now remains to valctilate till, integrals I- through It.
' l)esigunating their total effect oil ti' plotntial, n ' one (ollt'1ll

readily show (since no0 inherent singuliarities irise ill thiltese
lirt-It,r lS.--Areas of integ~ration us+ed] inl aualyý,i:. (, t.l,' halt

. . . . . . . .m ... .. .. .. 
.
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J .. . i. . 1, 1." + I 4!y, ' Y,) It,

livh re 1:!- ' ~- -.I'[ " I~q- !,•: xo% le aln~d oik] lilt a'ousli,, hlJla f,.,Iln S,.•i "%4n111' fit le~ re.gioli

-!y 11j ' t ,)df In tile clt4 0if .~ till part1 If tile poteniall l ll-ille i"I 1ni' of tlt~,s'ih SK v d 'i V i i" tf I,.V i'Aing. vy•.io \ AI II h$.a[I(

('),,.,1 1 2 i..nt-- tl ri iq II)/L ge..neralized and written

4 i 4 11 " I',(J * .M tI.!h )dt I .. ..

In1 Ilerlls of this e.qirlessioln, vy~q lition (A91 c|all hez wrlittenI

ililpl,V whr flie t h iintegrainids art, defined ill ever) cast by eqailaitin
I, jJ ('(p" . lb did11 (A tA10) and i ,i ,tie "refliected" acoiuistic plan fOM S.

Changes wit i thie region. The regioill .S', is ahvavs bhut idhtI
iy portiiions itf tilt' "refletehd" eih' ;

\Vli'e, tlin arllea (S,) -a is illusit'rated in figuire 12.
hIi order to give expressions for tlie potential in everv

region of th- % ing tihown iii figure 4, one ear show that it is and tilei "reflectited" clipse
tiiiiMY Iiissa'V to vary the areas over which the f lt-ouble i
ilntegratn tion in eilatjlhtslls (AS) and (All) are carried out. ( - + (Y-, x,
Thiis is ev videtnt in conntilion with the source portion •i. .i/J ' *# '

for ~ii ever,% c ase
r ,rf w.l 2) Figure if; shows sketches of both `;. and S. for all regions in

"[U.Ily, (Ad2) figure 4. Trie absence of a sketch indicates that the corre-
sponding integral does niot exist for that region.

APPENDIX B

THE GENERALIZED INDICIAL FORCES

THE LOADING COEFFlICIENT and

li order to determine total forces acting oil the wing, it is
tirst netessary to obtain expressions for the loading coefficient. Y N 4VYI U,(O,y) +t-
Ap q,,. According to the linear theory ot t+R ) r/ + +)r

Ap 4 
(3

so it is necessarv to differentiate each of the expressions for )+ d, 4Mt
lpiitentiial. As an example, consider, as in Appendix A, just 0-

rigion IV,, of figure 4. The loading coefficient will be divided
into two parts .p'"/q,, and Apl2 /qo to correspond to the po- Notice that if w diloes uot depend on (x, -+ .11ti, tilt iintegral

titntials p 1 and r . Thus, using equation (All) term in equation (B33) vanishes, whihl if it does, tlien the

integrated term is zero. Next, for x ý>0.
(..p '2 4. j+ f-• ' ."+,,t-(,+VI. (' _

ii dq. dr, 4
q-o 21 - , - oM i z,1 ,ly, '( xiuuI) ' Il-

(r2_j,,,) % r "I--r ,"I

04 of 0('t f ,!,

sinicte the derivative passes the x,.y, integrationi withiout (114)
effect. Referrinig to equlationi (Alt)) for tile funictioni C(x '(i i/i)
ive n~ext find its derivative with respect to t. Write i= t-t. [~In litiý ealst, hot il termlls exist liiiless wr, is not. a ftiiitt inn (of

Owni for r<O (+.-•+ in w ii ci case filie iniiegral van,-isiies.
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